We demonstrate that the coherent optical waves emitted from large-Fresnel-number degenerate cavities persistently display a sort of salient intensity variations. We use the representation of the coherent states to explore the origin of the salient intensity variations and find that these coherent laser waves arise from a quadrature superposition of two degenerate coherent states. With the analytical representation of the superposed coherent states, we verify that these coherent laser waves possess a large angular momentum per photon. 
Introduction
Pattern formation has been the subject of interest in many physical, chemical, and biological problems such as, nonlinear optics [1, 2] , chemical reaction [3] , structures inside living cells [4] , Turing patterns in reaction-diffusion systems [5] [6] [7] , and the DNA structures [8, 9] . Naturally, pattern formation possesses some common features that make it possible to understand the analogies in different fields. In recent years, various laser systems are widely employed to realize optical transverse pattern formation including the high order LaguerreGaussian modes, Hermite-Gaussian modes, and the generalized coherent states that form a general family to comprise the Hermite-Gaussian and Laguerre-Gaussian mode families as special cases [10] [11] [12] [13] .
In the optical pattern formation, the phase singularities or the optical vortices which have been studied by Nye and Berry [14] not only reveal the interesting phase structures but also signify the existence of the local angular momentum [15] [16] [17] . The angular momentum of optical waves can be divided into an orbital part associated with spatial distribution of the fields and a spin part associated with polarization in electromagnetic radiation [18] [19] [20] . So far, Laguerre-Gaussian laser modes have been confirmed to have a well-defined orbital angular momentum [21, 22] and applied to the fields of fundamental researches and practical applications such as optical tweezers, optical traps, and wireless and optical communications [23] [24] [25] [26] . Motivated by these applications, there are noticeably a rapidly increasing number of researches exploring the angular momentum of coherent optical waves.
In this paper, we first demonstrate that the three-dimensional (3D) Lissajous coherent waves emitted from large-Fresnel-number laser cavities persistently display a sort of salient intensity variations on the transverse patterns. We numerically confirm that the salient intensity variations can be well elucidated with a quadrature superposition of two basic coherent states. With the analytical representation of the superposed coherent states, we explore the angular momentum densities of the coherent laser modes and evidence that the experimental coherent wave is in possession of a large angular momentum per photon.
Coherent-state representation and experimental observation
Recently, a diode-pumped microchip laser has been employed to perform the analogous investigation of quantum-classical correspondence and pattern formation [27, 28] . In this experiment, the laser system is a diode-pumped Nd:YVO 4 microchip laser and the resonator configuration is depicted in Fig. 1 . The laser gain medium was a a-cut 2.0-at. % Nd:YVO 4 crystal with a length of 2 mm and transverse cross section of 3×3 mm 2 . One side of the crystal was coated for partial reflection at 1064nm. The radius of curvature of the cavity mirror is R=10 mm and its reflectivity is 99.8% at 1064nm. The pump source was an 809 nm fibercoupled laser diode with a core diameter of 100µm, a numerical aperture of 0.16, and a maximum output power of 1W. A focusing lens was used to reimage the pump beam into the laser crystal. We use off-axis pump scheme to generate 3D coherent waves, and the threshold power of the lasing mode is less than 0.5W. To measure the transverse patterns under propagation, a microscope objective lens mounted on a translation stage was employed to reimage the tomographic transverse patterns onto a CCD camera. For an empty plane-concave resonator consisting of spherical mirror with radius of curvature R and cavity length L, the bare ratio between the transverse and longitudinal mode spacing is given by
. The bare ratio can be changed in the range between 0 to 1 2 by varying the cavity length L for a given R in the half-spherical cavity. It has been evidenced [27, 28] that when the ratio with the help of different longitudinal orders and forms 3D coherent waves localized on the parametric surfaces with Lissajous transverse patterns. To be self-contained we present a brief synopsis for the expression of the 3D coherent states. With the representation of quantum coherent states, the 3D coherent waves localized on the Lissajous parametric surfaces can be described as [27, 28] Reconstructing the salient intensity variations is vital for extracting the far-reaching information in the coherent laser waves. In the following, we will demonstrate that the salient intensity variations of experimental laser waves originate from a superposition of two degenerate 3D coherent states. 
Analyses of superposed coherent states and their angular momentum
In a large-Fresnel-number laser cavity, the resultant field structure with the minimum mode volume can have the lowest lasing threshold to break into oscillation at first. The mode volume is correlated to the localization degree of the wave function. More importantly, the superposition of two degenerate 3D coherent states has smaller mode volume than the single 3D coherent state. A superposition of two degenerate 3D coherent states can be generally expressed as and the parameters are the same in Fig. 2(a) for reconstructing the experimental results shown in Fig. 2(c) . More recently, we found that the interference between two experimental coherent waves could give rise to striking spatial features that consist of various dashed and dotted wave patterns [33] . This spatial beating was previously interpreted as the superposition of two basic coherent states . Nevertheless, we rechecked the experimental patterns and found that the salient intensity variations also exist in the spatial beating patterns, as shown in Fig. 7(a) for the experimental far-field pattern with . Once again, the numerical wave pattern is in good agreement with the experimental result. ε is the permittivity of vacuum. As a consequence, the zcomponent of the angular momentum densities for the 3D coherent laser waves can be expressed as
, where ω is the angular frequency and Im denotes the imaginary part of the expression. . This angular momentum density is associated with the experimental coherent laser wave shown in Fig. 3 . The regions of maximum angular momentum density can be clearly divided into four parts that exhibit to rotate with propagation. Furthermore, some regions of the angular momentum density have the opposite sign to the average value of the angular momentum, even though their overall contribution is extremely small. Unlike the Laguerre-Gaussian modes that are the eigenmodes of the angular momentum operator [21, 22] , the angular momentum densities of the superposed coherent state It is of practical significance for numerous applications to efficiently generate the large angular momentum per photon. Although the angular momentum density of the 3D coherent laser wave depends on the propagation position, its angular momentum per photon is invariant. In terms of the quantum operator, the angular momentum per photon for a normalized linearly polarized light beam Ψ can be expressed as
. With the orthogonal properties of the eigenfunctions of the 2D quantum harmonic oscillator, it is not difficult to verify that 
Conclusion
In summary, we have successfully employed the representation of the superposed coherent states to elucidate the salient intensity variations of the coherent laser waves which are emitted from large-Fresnel-number microchip lasers with longitudinal-transverse coupling. The analytical wave functions have been used to explore the angular momentum densities of the experimental coherent laser modes. We also analyze that the coherent laser wave is in possession of a large angular momentum per photon and the value can be up to 1000 ℏ . Since the special structures of various interferences are widely encountered in many branches of science [35] [36] [37] , the present findings certainly provide some insights into various classical and quantum waves. 
